CS-132/06

STATISTICS -
Paper—I o
Tlme Allowed Three Hours .
Full Marks 300

Candidates should '_attempt 'Question, No. 1 from
Section-A and Qu'estfc‘in No. § from Section-B which are
compulsory, and any three of the remaining questions,
sélecring at least one from each Section.

Al questmns carry. equal marlcs'

| SECTION—A  ~
1, Attempt a.ny FIVE of the followmg subparts —

@ LetQ={l, 2, ..oy} and F bethe family of atl
subsets of Q with P({l}) =a,i=1,2, ..., 0
Extend the function P to a fimtely additive

' -probabifity measure ‘defined 'on"the whole field

" F. What conditions havc to be nnposed on the
numbero:‘? W Wy e W

(b) Ten people are randomly seated at a round table.

" \What'is the probabllrty that a partlcula.r couple
will sit next to each other ? -

(c) Let {X.} 'be a sequence of independent

-'identically . distributed random. :variables
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'followin'g Uniform distribution on [0, 6] (6 > 0)

and M, = max. (X, X, ......, X ). Verify whether

{M } converges in distribution to some random
~ variable or not ?

(d) Find the characteristic fpnction of a random
variable X having distribution with density :
—-|x| if]x|<1,
f,
(X ) { ' otherwise.
(e) State Gauss-Markov ‘theorem and explain its
- application: in linear estimation. -
(f) What are principal components ? Obtain their

relations with eigenvalues and eigenvectrrs of
dispersion matrix. - 5x12=60 Marks

2. (a) Show that | P(A) — P(B) | < P(A A B) for any
,.'two events A and B and a probab:hty
e measure P() |
- (b). A falr die is tossed Let X denote 1 or 3
~ according as an odd or even number appears.
| Find the distributiori, exp_ectatign ‘and standard
| ‘,devnauon of X |
... {e). Prove. that thc followmg condmons are
equivalent :. RS
.. . Cl:A,B, C are, mdependent evenl,s ‘
o C2:: QA B, C are independent events.
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' C3:Q-A, QB, C are independent events.

C4 : Q-A, O-B, Q-C are independent events.
: ! . 3x20=60 marks

3. (a) Define probabxhty generatmg functxon (pgf) of a
- ‘random variable. If P, (t) is the pgf of X then
~obtain’ the pgf of X + 2. __
(b) State any form of the central limit theorem (CLT).
" Using CLT, estimate the probability that the number
~ of the heads in 10,000 independent tosses of a
* fair coin differs by less than 1% from 5000.
(c) ""What is exponentla.l fam11y of dxstnbutmns ? Verify
‘ whether the followmg famlly belongs to the
| exponennal famlly

@ X~ b, p)
(i) X~ U [0, B], o
(i) X ~C(1,8). 3x2%0 marks

4. (a) i;‘_"Based on &dm ln a study on savmgs and loan
| | company, usmg a multlple regressmn model mth

C two mdependent van_ablcs, wherey proﬁtmargm,

X, = net revenue, X, ‘=number of branch offices.
-The model equation suggested is, ‘

LyE 1565 + 0:237x, - 00002, + e.

(1) Intrepret: the vatues 6f the regression
“ coeffcients. e R,

&5 u 5 AR : : : ] .- N T .
!;' Fa N .,J:__.’( E . '_:'~(‘_':~‘;'_~;-' ;,..‘.;.‘.'".'_".,’ YR W R uy '
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o (ii) Ifthe nuraber of branch offices remain fixed

- and net revenue increases by 1, what is the '
average change in profit margin ?

 (iii) What would the mean profit margin be

()

with a net revenue of 4:0 and 6500 branch

“offices ?
In an experiment to investigate the performance
of four different brands of spark plugs for use on
a 125-cc motorcycle, five plugs of each brand
were tested and the number of miles (at a constant
speed) until failure was observed. A partially
completed ANOVA table is given. Fill in the
missing entries and test the relevant hypotheses -
using a 0-05 level of signiﬁcance T

Source of Sum of | Mean Table

1 df F -
Variation squares | square | Valueof F

’T =g e S -] 324
" Error - 1235419047 - | |

™ Total - | - |3,10,500:76 |

- (© Let X' AX and X'BX be two quadratic forms of

a multivariate normal vector X, where A and B
are real symmetric matrices. Obtain a necessary
and sufficient condition for the independence of

~ these two quadratic forms.  3x20=60 Marks
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SECTION—B

Answer any FIVE sub-parts.

5. (a) What is a statistical decision problem ? Explain
how point estimation and hypothesis-testing can
be viewed as decision problems. 4+8=12

(b) Given thé. distribution :

f(x) = dcx p* q4—x

x=0,1, ... , 4 for testing
1 . o1
| H p zagamstH P=73>
cntical reglon is X > l Calculate power of the
test. 12

'(c) 'Explmn suﬁicxent statistic. Find sufﬁc1ent statistics
for @ in the following :

@M fx, 0)=0 x* 0<x<1

- (di) t(x, 0) = 7""‘ exp (—x%20) 0 < X S 0.
|  4+4+a=12
(1)) In cluster samplmg if sizes of cluster are not

- same, show that the sample mean Yy, =; Z Yi

i=1l
" is a biased estimator of ¥ . Derive the expression
for its variance. 4+8=12
" (e) Define ratio method of estimation and give
| practical situations where it may be used. 6+6=12
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(b)

@

Show that for a BIBD with parameters b, v,

N R I ¥
(i bk=wr ' | |
@) My -1 =k~ 1) L 4+8=12

Deﬁne Umformly Most Powerful (UMP) test and
unbiased test. Prove that an UMP test is unbiased
but the converse is not always true.” = 4+8=12

(1) Find the maxirmum likelihood est1mates of
o and B of the following distribution :

f(x; a, B)“[}e‘”"‘*"‘) a<x<w, [3>0

)y X Xas v be a mndom sample from
“ 1 x2 4 |

- the exponentxal dlstnt')utlon

fx, @)= e s x20, 050 -

- Extimate 0 by the method of moments
- - 6+6=12

'Obtam the average sample size (A S.N.) for

. testing :

H,:0 =0 against H;:0=0,

for normal populanon with variance o’ 12

" '~---f“-(d) State and prove Neymau«Pearson Lemma in the
gwerahzed form, and bring,qut AES--;.u.s:efulness

@

4 12
4 ¥, Hyged I 4
(1) Explam the sultablc xest to test the null
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8.

(a)

(b)

()

hypothesis H, that the set of observations is
random. Discuss the procedure to test such
- hypothesis. 3+3=6

(ii) Explaina um-parametnc test for testing that
the median of a continuous distribution is
0, stating the assumptions if any. 5+1=6

A random sample of size n is drawn from a
population with p. af
1

il v L EL

Prove that sample median is a consistent

estimator of . o 12
What is a likelihood ratio test ? State its

1mportant properties. Give an example of LR test
which is umfonnly most powerful unbiased.
4+2+6=12

Discuss how the prior information and the

. sample mformatmn are used to get ‘posterior

(@)

(e)

(a)

distribution. | 12
State and prove. Chapman Robbins Inequality.

12
Prove the following, for Sy=Zy ¥k o B2,
@ E@S,) =EN)- E(Z) o
(i) If E(Z)= 0, then E(S2) = E(N) - V(2).
6+6

Define Horv1tz-Thompson Estimator for the
population mean and obtain its variance.

“4+8=12
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e (b)

©

(d)

Prove that the variance of the mean ¥y of

systematlc 1s

2
V(?sy)-“knkl-s [i+@+np]

- where nk = N and p is the intra class correlation

coefficient between the units of the same systematic
sample. . 12

In a two- stage samplmg procedure ‘with
unequal first stage units, ﬁnd the estimates
of the populatlon total and their mean square
errors. 6+6=12

Give the method of analysis of a 5x5 Latin Square

design and explam the testmg of dlﬁ'erence of
two treatment means in this des:gn 10+2=12

fWhat are the advantages ‘of factorial

experiments over single factor experlment ?
Write down the main effects and interaction effects

of 23 factonal experiment and glv’e 1ts ANOVA

- table. 4+2+6-12
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